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Abstract—Numerical computations of coastal environments
involving bed load transport can be demanding due to spurious
oscillations in the numerical solution. On the other hand, predict-
ing the morphological evolution of complex domains over several
decades is mandatory in the context of integrated coastal man-
agement. This article would like to contribute to the improvement
of long-term morphodynamic simulations. Four vertex-centered
Finite-Volume schemes are presented. They are implemented
into SISYPHE and applied to three different test cases: the
dune propagation, the spreading of a sinusoidal hump and as
a real world test case a numerical model of the German Bight.
The flux-corrected scheme shows the best overall performance
and is well suited for long-term morphodynamic simulations of
complex domains. It turns out that this scheme represents a
vast improvement for the numerical solution of the bed evolution
equation.
I. INTRODUCTION
The coastal zone is characterized by diverse ecosystems
and a wide variety of natural resources. Complex sediment
transport processes and the evolution of the seabed govern the
natural morphology. On the other hand, the coastal zone faces
major changes due to human uses. Predicting the morphologic
evolution is mandatory to develop strategic visions or policies
for the management of the coastal zone.
Numerical modeling systems like the TELEMAC system
[7] can be used to simulate the sediment transport and the
morphological evolution of such complex environments. Solv-
ing the bed evolution is one of the major difficulties in mor-
phodynamic modeling due to spurious oscillations. Especially
for large-scale simulations with complex topography and over
a long-term period, as proposed e.g. by [4], it remains the
difficulty to obtain satisfactory results.
Therefore, it was a demand to improve the numerical
schemes for the bed load part of the Exner equation. Since this
equation describes the propagation and transport of wave-like
features, the numerical treatment is a challenge. A number of
vertex-centered finite-volume schemes up to second order have
been implemented in SISYPHE (Version v7p0) to solve the bed
evolution equation: the central scheme, the upwind scheme,
the Rusanov scheme and a flux-corrected scheme. They are
applied to three different test cases: the dune propagation, the
spreading of a sinusoidal hump and the German Bight model.
II. PHYSICAL BACKGROUND
The bed evolution is described by the following partial
differential equation:
∂zb
∂t
= −
1
ǫn
∇ · qb (1)
with zb the bed elevation (vertical positive upward), t the
time, ǫn = 1 − n the porosity term with n the sediment
porosity and qb = [qb,x, qb,y]
T the bed load discharge vector
in the horizontal plane. The nabla operator is defined as
∇ = [∂x, ∂y]
T . The bed load vector is pointing into the
direction of the current
qb = qb
1
‖v‖
v (2)
where qb denotes the absolute bed load discharge and v =
[vx, vy]
T the current velocity vector.
To compute the bed load discharge, a wide variety of
formulas do exits. For the analysis in this article the well-
known formula according to the Meyer-Peter and Mueller [3]
is used: qb√
g (s− 1) d3s
= m (θ − θcr)
n
(3)
Herein, g is gravitational acceleration, s = ρs/ρ with the
sediment density ρs = 2650 kg/m
3 and the water density
ρ = 1000 kg/m3 and ds the grain diameter. On the right
hand side θ denotes the Shields parameter and θcr is the
critical Shields parameter, which indicates the threshold for
the initiation of sediment transport. The parameters are set to
m = 8 and n = 1.5 for the Meyer-Peter and Mueller formula.
The non-dimensional bed shear stress θ reads as:
θ =
τb
(ρs − ρ) gd
(4)
Herein, τb denotes the bed shear stress acting on the sediment
grains. It is calculated according to Nikuradse’s law and reads
as:
τb = ρ
κ2
log
(
12h
ks
)2 ‖v‖2 (5)
Herein, κ is the von Karman constant and h the water depth.
The parameter ks denotes the bed roughness.
For all the results presented in this article one set of
parameters have been used. The grain diameter is chosen to
be ds = 1.5× 10
−4 m with a manually prescribed value for
the critical shear stress of θcr = 0.047. The porosity is set
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to n = 0.4. The bed roughness ks is equal to three times the
sediment diameter. Furthermore, sediment supply is unlimited
and only one sandy sediment fraction for bed load is taken
into account.
III. FINITE-VOLUME METHOD
To obatin the Finite-Volume formulation, the computational
domain is divided into non-overlapping cells and the bed
evolution equation is integrated over a computational cell.
By introducing cell-averages for the time derivative and by
applying the divergence theorem for the spatial derivatives,
one obtains a numerical scheme that relates the rate of change
of sediment volume to the fluxes across the cell boundary [6].
The Finite-Volume formulation with explicit time stepping for
the bed evolution equation reads:
zn+1b,i = z
n
b,i −
∆t
ǫnTi
ns∑
j=1
lijφij with i = 1, .., ncell (6)
where zn+1b,i denotes the bed elevation at the new time step
n + 1, znb,i is the bed elevation at the previous time step n,
∆t the time step and Ti the area of the Finite-Volume cell.
Furthermore, ns is the number of surrounding sides (edges) of
the cell and lij the edge length. The corresponding neighboring
cell is denoted with j and ncell is the number of cells of the
computational domain. The numerical flux function φij is the
flux over the cell edge in or out of the Finite-Volume cell.
The method how the of the flux function is computed
defines the final numerical scheme. In the following four
different numerical flux functions are described. It should be
remarked that they belong to the class of explicit schemes
and hence they are subject to time step limitations. If the
morphodynaimc model is coupled to the hydrodynamic model
directly, the hydrodynamic time step is the decisive parameter
for stability and therefore this issue is not addressed any further
in this article.
A. Central Scheme (CDS)
The central scheme [6] reads as:
φCDSij =
1
2
(
FL + FR
)
· nij (7)
Herein, the indices L and R denote the left (node i) and right
(node j) state, respectively. The fluxes FL and FR correspond
to qb,i and qb,j . The unit normal vector nij is pointing outwards
of cell i into the direction of cell j. The CDS-scheme is second
order accurate in space and is unstable in the vicinity of shocks
or sharp gradients.
B. Upwind Scheme (UPW)
One of the basic stable schemes is the UPW-scheme [6]. To
circumvent instabilities that arise with a linear interpolation,
the flux is chosen according to the direction the characteristic
velocity. The flux is computed as:
φUPWij =
1
2
(
FL + FR
)
· nij −
1
2
sgn(aij)
(
FR − FL
)
· nij
(8)
where aij denotes the characteristic speed and the sign of aij
defines the upwind direction, which is obtained as:
sgn(aij) =
{
sgn
(
qb,R−qb,L
zb,R−zb,L
)
if zb,R − zb,L = 0
sgn
(
φCDSij
)
otherwise
(9)
with qb,L = qb,i · nij and qb,R = qb,j · nij . Since aij can
not be computed from the Rankine-Hugoniot jump condition
if the bed level difference is nearly zero, the upwind direction
is alternatively obtained from the bed load discharge vector.
The UPW-scheme is know to suffer from significant numerical
diffusion and a grid dependency of the computed results.
C. Rusanov Scheme (RUV)
Another stable and simple scheme is the Rusanov scheme
[6], which is sometimes also named local Lax-Friedrichs
scheme . The flux function is computed as:
φRUVij =
1
2
(
FL + FR
)
· n−
1
2
|aij | (zb,R − zb,L) (10)
where the absolute value of the wave speed is estimated as
|aij | = min
(∣∣∣∣ qb,R − qb,Lzb,R − zb,L
∣∣∣∣, ∆x∆t
)
(11)
with the Euclidean distance ∆x between nodes i and j. The
left term on the right hand side in (10) represents an diffusive
term that stabilizes the numerical solution.
D. Flux-Correction (FCT)
Godunovs barrier theorem states that monotone schemes
can be at most first order accurate [6]. As a result, higher order
schemes tend to generate spurious oscillations. This issue can
be overcome with the flux-corrected method. It was developed
by [1] for the one-dimensional case and extended to multidi-
mensions by [8]. This method combines the advantages of a
stable, non-oscillatory first order scheme with the precision of
an second order scheme by the help of an non-linear limiter
function. In smooth regions the FCT-scheme uses the higher
order flux, whereas in shock regions the stable low order
scheme is used. The flux function read as:
φFCTij = φ
LO
ij + αij
(
φHIij − φ
LO
ij
)
(12)
where φLOij denotes a first order, non-oscillatory flux and φ
HI
ij
a higher order flux. The factor αij is the results of a non-
linear limiter; see [5] for the computation procedure for Finite-
Volumes. For αij = 0 the FCT-scheme is equal to the first
order scheme and for αij = 1 it is purely the higher order
flux. For the results presented in the following the upwind
scheme is used for the low order flux (φLOij = φ
UPW
ij ) and for
higher order flux the central scheme is applied (φHIij = φ
CDS
ij ).
E. Implementation into SISYPHE
The Finite-Volumes schemes are implemented in a vertex-
centered manner in the subroutine BED LOAD SOLVS VF.
The data structure as already available in SISYPHE is used.
The keyword VFSCHEME has been introduced to switch be-
tween the numerical schemes easily. An edge-based algorithm
is used for maximum performance and the whole program
code is parallelized by the help of Message Passing Interface
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Fig. 1: Bed development for the dune test case after 5 h, 15 h and 30 h along the centerline of the channel. The initial bed level
is shown for the reference simulation only.
(MPI) routines. At the open inflow boundaries, the bed level
is prescribed. Free evolution is allowed on open outflow
boundaries. For a closed wall, the flux through the boundary
is zero but the evolution is free. The extension to sediment
fractions and non-erodible bottom has been implemented as
well, but the results are not discussed in this article.
IV. VERIFICATION
A. Dune Propagation
The propagation of a sand dune is one the most investigated
test cases for numerical morphodynamic models. A variety of
simulation setups do exist. For the following investigations the
general parameters from the TELEMAC validation test case
were adapted. The test case consist of a dune in a narrow
channel with a unidirectional, constant discharge. The current
is strong enough to move the sediment particles throughout the
whole domain. With time, the dune is propagating downstream
leading to a shock front. Without gravitational transport, the
steep sharp front is further propagation downstream while
reducing its height with time.
1) Model Setup: The geometry of the flume is defined with
a length of 16m and a width of 2m. The initial bed elevation
(Figure 1) is prescribed as:
zb =
{
0.2 sin2
(
π (x−6)4
)
x ∈ [6, 10]
0 otherwise
(13)
The free surface elevation is equal to zs = 0.6m, yielding a
water depth between 0.4m and 0.6m. The specific discharge
in x-direction is chosen to be qx = 0.2m
2/s, which results
in velocities between 0.33m/s and 0.50m/s. Hence, the
maximum Froude number is approximately Frmax ≈ 0.25.
The simulations are carried out with the morphodynamic
model SISYPHE. The steady state option is used to obtain the
velocity field computed from the continuity correction for the
steady discharge. The domain is discretized with 3911 nodes,
forming 7432 triangular elements with a mean element edge
length of 0.1m. The time step of 100 s is kept constant during
the total simulation duration of 4 days.
To evaluate the numerical schemes, a reference solution
(blue line in Figure 1) with a high resolution Finite-Volume
upwind-method has been computed. Since the characteristic
velocity is always pointing downstream for the presented test
setup, the upwind direction is simply computed from the bed
load discharge vector.
2) Results: Figure 1 shows the bed elevation after 5 h,
15 h and 30 h along the centerline of the channel. The CDS-
scheme shows instabilities as the dune propagates downstream.
The bed evolution at t = 5h indicates this with wiggles at
the top of the dune. Everywhere else the solution is smooth
and compares well with the reference solution. After 5 h the
simulation crashed due to increasing instabilities.
As expected, the UPW-scheme produces a smooth bed
elevation for all time steps. On the other hand, near the shock
front the solution is quite diffusive. Instead of a sharp front,
the course of the bed is rounded in this region.
The RUV-scheme yields similar results than the UPW-
scheme. Instead of a sharp front the course of the bed is
rounded. Furthermore, it shows the strongest diffusion off all
schemes, which reduces the height of the dune significantly.
A different behavior shows the FCT-scheme. The shock
front is quite well captured and nearly as steep as the reference
solution, but the method cannot prevent the appearance of
small wiggles. Anyway, in smooth regions the solutions is
similar to all the other schemes.
B. Hump Test Case
A two-dimensional test case is the migration of a Gaussian
hump. In contrast to the dune propagation, the hump flattens
out with time and develops into a star shape pattern. This
problem has been proposed by [2], who also derived an
analytical solution for the angle of spread.
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Fig. 2: Computed bed level after two days for the hump test case with flow direction form left to right.
1) Model Setup: The initial bed elevation is given by:
zb =
⎧⎪⎨
⎪⎩
sin2
(
π (x−300)200
)
sin2
(
π (y−400)200
)
x ∈ [300, 500] ,
y ∈ [400, 600]
20 otherwise
(14)
The initial surface elevation is zs,0 = 10m, yielding a water
depth between 9m and 10m. On the upstream boundary at
x = 0m a constant inflow discharge of Qx,in = 50m
3/s is
prescribed. The discharge in y-direction is set to zero. At the
outflow boundary at x = 1000m free outflow conditions with
a fixed surface elevation at zs,out = 10m are defined. The
lateral boundaries at y = 0m and y = 1000m are defined as
closed walls with slip velocity conditions.
The simulations are carried out with the morphody-
namic model SISYPHE coupled directly with the flow model
TELEMAC-2D (Version v7p0). The bed evolution equation is
solved without morphological acceleration techniques. Auto-
matic time stepping for the TELEMAC-2D model has been
used to ensure a flow Courant number of Cr = 0.9 in
combination with the characteristics method for the advection.
The quadratic domain is discretized with 12242 nodes. The
mean element edge length of the 24082 triangular elements is
10m.
240
23rd TELEMAC-MASCARET User Club Paris, France, 11-13 October, 2016
2) Results: The simulations results for the bed elevation
after two days are presented in Figure 2.
The CDS-scheme in Figure 2a shows the typical star-
shaped pattern. The spreading of the hump can be clearly ob-
served. It is interesting to note that the CDS-scheme performs
very well without producing any wiggles or instabilities.
A different picture draws the UPW-scheme. The diffusive
character leads to a flattened bottom and hence the spreading
is not as pronounced as for the CDS-scheme.
The RUV-scheme produces an even more flattened bottom,
which is an effect of the additional term in the flux compu-
tation. As a result, the decay of the hump is largest of all
schemes.
The FCT-scheme performs similar to the CDS-scheme. The
decay of the hump is in the same order and much smaller as
for the UPW-scheme and the RUV-scheme. The spreading of
the hump is simulated very well.
V. APPLICATION
A. The North Sea Model
To evaluate the numerical schemes in terms of a realistic
and complex setup, the numerical model of the German
Bight (Figure 3a) as described in [4] has been applied. The
simulation domain covers the North Sea, the English Channel
and the adjoining area to the Baltic Sea. The unstructured
finite element mesh consists of nearly 42 000 nodes forming
ca. 80 000 triangular elements (Figure 3b). The models applied
are the hydrodynamic model TELEMAC-2D [3] for calculating
depth-averaged flow and the morphodynamic model SISYPHE
[5] for the bed evolution.
Both models are coupled directly, meaning that data is
exchanged each time step. Using the MPI abilities of the
TELEMAC system has shortened the simulation time. With
an AMD Opteron 32-core system it took approximately three
days for a computation over a period of 50 years. The
simulations are carried out with tidal forcing at the open
boundaries and with unlimited sediment supply. Furthermore,
no extra treatment of tidal flats for the Exner equation has been
implemented.
In this article only the most south-eastern part of the
German Bight is discussed (Figure 3a), which covers the
estuaries of Elbe River and Weser River and large tidal
flats. It should be remarked that the results presented do not
represent real morphodynamic evolutions. The purpose is only
the comparison of the numerical schemes.
B. Bed Evolution After One Year
Figure 4 shows the computed bed evolution after one year.
The bed level is not shown since the evolutions after this time
period are too small to visualize the different results at this
scale satisfactory.
For the CDS-scheme, the evolutions are more less irregular
and a pattern can hardly be observed. The highest values occur
in the channels, especially in the Elbe Estuary. Here, the flow
velocity is highest and the sediment dynamics is strongest.
The UPW-scheme produces completely different results.
Even though the magnitude is nearly the same as for the
CDS-scheme, a distinct pattern of erosion and deposition is
present. In nearly every channel sediment deposition takes
places, whereas the top of them are eroded. It is clear that
this effect is unphysical and depends on the mesh topology.
The same can be observed for the RUV-scheme. The effect
is more pronounced in the channels, since this scheme uses
artificial diffusion to stabilize the computation. Hence, the
bottom flattens out during the simulation especially at locations
with high bed gradients.
The FCT-scheme, which is a blend of CDS-scheme and
UPW-scheme, gives an bed evolution that is principally the
same as the CDS-scheme.
C. Bed Evolution After 50 Years
The previous section shows that the UPW-scheme and
the RUV-scheme produce unphysical solutions when applied
to the real world test case German Bight. Hence, only the
results of the CDS-scheme and the FCT-scheme for long term
morphodynamic simulations are described in the following.
The results for bed elevation and bed evolution after
50 years of tide driven morphodynamics are shown in Figure 5.
The bed elevation computed with the CDS-scheme (Figure 5a)
seems to be satisfactory at the first sight. But a closer look
reveals that at several nodes the bed level is significantly higher
than at the surrounding area. Instabilities arise at these nodes
that make the simulation unstable and the computational results
unusable. Such local erroneous trend of the bed evolution is
sometimes hard to detect and might develop at places where
it is not expected. In contrast, the details in Figure 5a and
Figure 5b in the Elbe Estuary show the typical - and expected
- behavior of the unstable CDS-scheme. The bed evolutions
range between −20m and −20m with an oscillating character
along the estuary.
The FCT-scheme yields much better results for the bed
elevation (Figure 5c) and the bed evolution (Figure 5d). Even
though the overall impression is nearly equal to the CDS-
scheme, one can observe that the local instabilities do not
arise anymore. The bottom is smooth but not flattened out.
The principal appearance compares very well with the initial
bed elevation (Figure 3a) based on observations. The largest
difference can be observed in the Elbe Estuary, which is shown
in the details in Figure 5c and Figure 5d. The FCT-method
successfully prevents instabilities and allows a stable as well
as precise computation of the bed evolution over 50 years.
VI. CONCLUSION
Four Finite-Volumes schemes for the solution of the bed
evolution equation on unstructured grids have been introduced
and applied to three test cases.
The UPW-scheme and the RUV-scheme yield good results
in situations with shock fronts but fail in real world conditions
due to their diffusive character. Both generate similar results,
whereas the RUV-scheme is the most diffusive one. The results
show a significant dependence on the mesh topology. Hence,
they are not suited for morphodynamic simulations of complex
domains.
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Fig. 3: South eastern part of the German Bight model, see [4] for more information.
Surprisingly, the unstable CDS-scheme works well in sit-
uation with smooth regions but it fails for the dune test
case. Unfortunately, with long term simulations instabilities
arise indicating that the CDS-scheme is inappropriate for
simulations over decades.
The FCT-scheme combines the advantages of UPW-scheme
and CDS-scheme. It produces stable solution even in the vicin-
ity of shock front but is also well suited for the computation
of smooth regions like in case of the spreading hump and
complex domain like the German Bight. It works very well
especially for long-term morphodynamic simulations.
The FCT-scheme fits excellently into the SISYPHE frame-
work, since the data structure for the domain discretization and
the boundary conditions can be used directly. Furthermore, the
edge-based implementation allows the implementation of an
efficient algorithm with moderate computational expense and
is well suited for MPI acceleration.
In the next stage the FCT-scheme will be applied to
the computation of fractionated bed load transport including
the existence of a non-erodible bottom and the active layer
concept. Furthermore, numerical simulations of coastal mor-
phology under the influence of complex forcing with tide, wind
and waves have to be carried out and the performance of the
FCT-scheme has to be evaluated.
ACKNOWLEDGMENT
The presented work is based on the research project ”Auf-
Mod” (Development of an integrated model system for analyz-
ing the long-term morphodynamics in the German Bight) [4],
which was a project of the Association for Research in Coastal
Engineering (grant number 03KIS085), financially supported
by the German Ministry of Education and Research.
VII. REFERENCES
REFERENCES
[1] J. P. Boris and D. L. Book, “Flux corrected transport. 1. shasta, a
fluid transport algorithm that works.” Journal of Computational Physics,
vol. 11, p. 3869, 1973.
[2] H. J. De Vriend, “Analysis of horizontally two-dimensional
morphological evolutions in shallow water,” Journal of Geophysical
Research: Oceans, vol. 92, no. C4, pp. 3877–3893, 1987. [Online].
Available: http://dx.doi.org/10.1029/JC092iC04p03877
[3] Electricite´ de France, “Sisyphe User Manual Version 6.0,” Electricite´
de France, Direction des Etudes et Recherches, Chatou Cedex, Note
technique, 2010.
[4] H. Heyer and K. Schrottke, “Aufbau von integrierten Modellsystemen
zur Analyse der langfristigen Morphodynamik in der Deutschen Bucht
(AufMod),” 2013, Gemeinsamer Abschlussbericht fu¨r das Gesamtprojekt
mit Beitra¨gen aus allen 7 Teilprojekten.
[5] P. V. Slingerland, “An accurate and robust finite volume method for the
advection diffusion equation,” 2007.
[6] E. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics.
Berlin Heidelberg: Springer-Verlag, 2009.
[7] C. Villaret, J.-M. Hervouet, R. Kopmann, U. Merkel, and A. G. Davies,
“Morphodynamic modeling using the telemac finite-element system,”
Computers & Geosciences, vol. 53, pp. 105–113, 2013.
[8] S. T. Zalesak, “Fully multidimensional flux-corrected transport
algorithms for fluids,” Journal of Computational Physics,
vol. 31, no. 3, pp. 335 – 362, 1979. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/0021999179900512
242
23rd TELEMAC-MASCARET User Club Paris, France, 11-13 October, 2016
Eastings [m]
N
o
rt
h
in
g
s
[m
]
(a) CDS
Eastings [m]
N
o
rt
h
in
g
s
[m
]
(b) UPW
Eastings [m]
N
o
rt
h
in
g
s
[m
]
(c) RUV
Eastings [m]
N
o
rt
h
in
g
s
[m
]
(d) FCT
Fig. 4: Simulation results after 1 year.
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Fig. 5: Simulation results after 50 years.
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